Abstract One of the most efficient procedures for the solution of partial differential equations is the method of differential quadrature. The differential quadrature method (DQM) has been applied to a large number of cases to overcome the difficulties of complex algorithms of computer programming, as well as the excessive use of storage due to the conditions of complex geometry and loading. The in-plane vibrations of curved beams with extensibility of the arch axis, including the effects of rotatory inertial and shear deformation, are analyzed by the DQM. The fundamental frequencies are calculated for members with various slenderness ratios, shearing flexibilities, boundary conditions, and opening angles. The results are compared with the numerical results obtained by other methods for cases in which they are available. The DQM gives good mathematical precision even when only a limited number of grid points is used, and new results according to diverse variations are also suggested.
Introduction
The increasing use of curved beams in buildings, vehicles, ships, and aircraft has results in considerable effort being directed toward developing an accurate method for analyzing the dynamic behavior of such structures. Accurate knowledge of the vibration response of curved beams is of great importance in many engineering applications such as the design of machines and structures.
The earlier investigators into the in-plane vibration of rings were Hoppe [1] and Love [2] . Love [2] improved on Hoppe's theory by allowing for stretching of the ring. Lamb [3] investigated the statics of incomplete ring with various boundary conditions and the dynamics of an incomplete free-free ring of small curvature. Den Hartog [4] used the Rayleigh-Ritz method for finding the lowest natural frequency of circular arcs with simply supported or clamped ends, and his work was extended by Volterra and Morell [5] for the vibrations of arches having center lines in the form of cycloids, catenaries, or parabolas. Archer [6] carried out for a mathematical study of the in-plane inextensional vibrations of an incomplete circular ring of small cross section with the basic equations of motion as given in Love [2] and gave a prescribed time-dependent displacement at the other end for the case of clamped ends. Veletsos et al. [7] used a theory which accurately considered the extensibility of the arch axis and the curved beam effect but neglects the effects of rotatory inertia and shearing deformation. considered by Roa and Sundararajan [9] . Recently, Issa et al. [10] presented extensional vibrations of continuous circular curved beams with rotary inertia and shear deformation, and Austin and Veletsos [11] presented free vibrations of circular arches flexible in shear, respectively. More recently, Kang and Kim [12] analyzed the in-plane extensional vibration of curved beams using DQM neglecting the effects of shear deformation, Kang and Kim [13] 
Differential Equations
The uniform curved beam considered is shown in neutral axis may be expressed as [8]     
Where  is the angular deformation due to shear.
From the elementary theory of beams, the normal force, the bending moment, and shear force are given
where E is the Young's modulus of elasticity,  is the numerical shape factor of cross-section, and  is the shear modulus.
Assume that the beam is undergoing free vibration with a frequency  and let
where       ,  is the normal function of  ,  is the normal function of  , and   is the normal function of  , respectively.
Substituting equations (5), (6) , and (7) with equation 
in which each prime denotes one differentiation with respect to the angular coordinate .
Using the length of the arch axis , the radius of gyration of the cross section , the non-dimensional frequency parameter , and the dimensionless distance coordinate , the equations (9), (10), and (11) can be written as
where , , and  are given by, respectively,
in which each prime denotes one differentiation with respect to the dimensionless distance coordinate  defined as
Neglecting the effects of rotatory inertia and shear deformation, the differential equations can be written
Neglecting the effects of shear deformation but including rotatory inertia, the differential equations can be written as [12] 
The boundary conditions for clamped and simply supported ends are, respectively.
Differential Quadrature Method
The differential quadrature method (DQM) was introduced by Bellman and Casti [15] . By formulating the quadrature rule for a derivative as an analogous extension of quadrature for integrals in their introductory paper, they proposed the differential quadrature method as a new technique for the numerical solution of initial value problems of ordinary and partial differential equations. It was applied for the first time to static analysis of structural components by Jang et al. [16] . The versatility of the DQM to engineering analysis in general and to structural analysis in particular is becoming increasingly evident by the related publications of recent years. Kang and Kim [17] studied the in-plane buckling analysis of curved beams using DQM. Recently, Kang and
Kim [18] , and Kang and Park [19] studied the vibration and the buckling analysis of asymmetric curved beams using DQM, respectively. From a mathematical point of view, the application of the differential quadrature method to a partial differential equation can be expressed as follows: The general form of the function  is taken as
If the differential operator L represents an n th derivative, then
This expression represents N sets of N linear algebraic equations, giving a unique solution for the weighting coefficients, W ij , since the coefficient matrix is a Vandermonde matrix which always has an inverse.
Numerical Application
The DQM is applied to the determination of the Applying the differential quadrature method to equations (12), (13) , and (14) gives
The boundary conditions for clamped ends, given by equation (21), can be expressed in differential quadrature form as follows:
Similarly, the boundary conditions for simply supported ends, given by equation (22), can be expressed in differential quadrature form as follows:
This set of equations together with the appropriate boundary conditions can be solved for the in-plane extensional vibrations of the curve beam including the effect of rotatory inertia and shear deformation.
Numerical Results and Comparisons
Based on the above derivations, the fundamental Tables 3~4, Tables 5~6, and Tables 7~8 show the From Tables The present approach gives the followings:
1) The results by the DQM give the mathematical precision compared with the numerical solutions by others for the cases in which they are available.
2) Only thirteen discrete points are used for the evaluation.
3) It requires less than 1.0 second to compile the program with IMSL subroutine using a personal computer.
4) Diversity of new results according to the opening
angles, boundary conditions, shearing flexibility, and slenderness ratio is also suggested. Those results can be used in the comparisons with other numerical solutions or experimental test data.
